We apply the geometric-topology surgery theory on spacetime manifolds to study the constraints of quantum statistics data in 2+1 and 3+1 spacetime dimensions. First, we introduce the fusion data for worldline and worldsheet operators capable creating anyon excitations of particles and strings, well-defined in gapped states of matter with intrinsic topological orders. Second, we introduce the braiding statistics data of particles and strings, such as the geometric Berry matrices for particle-string Aharonov-Bohm and multi-loop adiabatic braiding process, encoded by submanifold linkings, in the closed spacetime 3-manifolds and 4-manifolds. Third, we derive "quantum surgery" constraints analogous to Verlinde formula associating fusion and braiding statistics data via spacetime surgery, essential for defining the theory of topological orders, and potentially correlated to bootstrap boundary physics such as gapless modes, conformal field theories or quantum anomalies.
Decades ago, the fractional quantum Hall effect was discovered [1] . The intrinsic relation between the topological quantum field theories (TQFT) and the topology of manifolds was found [2, 3] years after. The two breakthroughs partially motivated the study of topological order [4] as a new state of matter in quantum many-body systems and in condensed matter systems [5] . Topological orders are defined as the gapped states of matter with physical properties depending on global topology (such as the ground state degeneracy (GSD)), robust against any local perturbation and any symmetry-breaking perturbation. Accordingly, topological orders cannot be characterized by the old paradigm of symmetry-breaking phases of matter via the Ginzburg-Landau theory [6, 7] . The systematic studies of 2+1 dimensional (2+1D) topological orders enhance our understanding of the real-world plethora phases including quantum Hall states and spin liquids [8] . In this work, we explore the constraints between the 2+1D and 3+1D topological orders and the geometric-topology properties of 3-and 4-manifolds. We only focus on 2+1D / 3+1D topological orders with GSD insensitive to the system size and with a finite number of types of topological excitations creatable from 1D line and 2D surface operators. We apply the tools of quantum mechanics in physics and surgery theory in mathematics [9, 10] . Our main results are: (1) We provide the fusion data for worldline and worldsheet operators creating excitations of particles (i.e. anyons [11] ) and strings (i.e. anyonic strings) in topological orders. (2) We provide the braiding statistics data of particles and strings encoded by submanifold linking, in the 3-and 4-dimensional closed spacetime manifolds. (3) By "cutting and gluing" quantum amplitudes, we derive constraints between the fusion and braiding statistics data analogous to Verlinde formula [12, 13] for 2+1 and 3+1D topological orders.
Quantum Statistics: Fusion and Braiding Data -Imagine a renormalization-group-fixed-point topologically ordered quantum system on a spacetime manifold M. The manifold can be viewed as a long-wavelength continuous limit of certain lattice regularization of the system. We aim to compute the quantum amplitude from "gluing" one ket-state |R with another bra-state L|, such as L|R . A quantum amplitude also defines a path integral or a partition function Z with the linking of worldlines/worldsheets on a d-manifold anyons in a closed trajectory [15] . Inserting a line operator W . If we view the S 1 as a compact time, this counts the ground state degeneracy (GSD) on a 2D spatial sphere S 2 without quasiparticle insertions, thus it is a 1-dimensional Hilbert space with Z(S 2 × S 1 ) = 1. Similar relations hold for other dimensions, e.g. 3+1D topological orders on a S 3 without quasi-excitation yields 0 D 3 ×S 1 |0 D 3 ×S 1 = Z(S 3 × S 1 ) = 1.
2+1D Data -In 2+1D, we consider the worldline operators creating particles. We define the fusion data via fusing worldline operators:
Here G α σ is read from the projection to a complete basis α|. Indeed the W 
, where a pair of particleantiparticle σ andσ can fuse to the vacuum. We derive
where this path integral counts the dimension of the Hilbert space (namely the GSD or the number of channels σ 1 and σ 2 can fuse to α) on the spatial S 2 . This shows the fusion data F α σ1σ2 is equivalent to the fusion rule N α σ1σ2 , symmetric under exchanging σ 1 and σ 2 . More generally we can glue the T 
TheŜ identifies (x, y) → (−y, x) whileT identifies (x, y) → (x + y, y) of T 
shows that the Sσ 1σ2 represents the Hopf link of two S 1 worldlines σ 1 and σ 2 (e.g. Fig.1(b) ) in S 3 with the given orientation (in the canonical basis Sσ 1σ2 = σ 1 |Ŝ|σ 2 ):
Use the gluing
, we can derive a well known result written in the canonical bases,
Its spacetime configuration is that two unlinked closed worldlines σ 1 and σ 2 , with the worldline σ 2 twisted by 2π. The amplitude of a twisted worldline is given by the amplitude of untwisted worldline multiplied by e i θσ 2 , where θ σ /2π is the spin of the σ excitation. It means that Sσ 1 σ2 measures the mutual braiding statistics of σ 1 -and-σ 2 , while T σσ measures the spin and self-statistics of σ.
We can introduce additional data, the Borromean rings (BR) linking between three S 1 circles in S 3 , writ- 
3+1D Data -In 3+1D, there are intrinsic meanings of braidings of string-like excitations. We need to consider both the worldline and the worldsheet operators which create particles and strings. In addition to the S 1 -worldline operator W 
Here M 1 M 2 means the complement space of M 2 out of M 1 . Similar to 2+1D, we define the fusion data F M by fusing operators:
Notice that we introduce additional upper indices in the fusion algebra F M to specify the topology of M for the fused operators [19] . We require normalizing worldline/sheet operators for a proper basis, so that the F M is also properly normalized in order for Z(Y d−1 × S 1 ; . . . ) as the GSD on a spatial closed manifold Y d−1 always be a positive integer. In principle, we can derive the fusion rule of excitations in any closed spacetime 4-manifold. For instance, the fusion rule for fusing three particles on a spatial If the worldline and worldsheet are linked as Eq. (1), then the path integral encodes the braiding data. Below we discuss the important braiding processes in 3+1D. First, the Aharonov-Bohm particle-loop braiding can be represented as a S 1 -worldline of particle and a S 2 -worldsheet of loop linked in S 4 spacetime,
if we design the worldline and worldsheet along the generators of the first and the second homology group
. Second, we can also consider particle-loop braiding as a S 1 -worldline of particle and a T 2 -worldsheet (below T 2 drawn as a S 2 with a handle) of loop linked in S 4 ,
if we design the worldline and worldsheet along the generators of (10) and (11), the loop excitation of S 2 -worldsheet is shrinkable [21] , while the loop of T 2 -worldsheet needs not to be shrinkable. Third, we can represent a three-loop braiding process [22] [23] [24] [25] [26] [27] as three T 2 -worldsheets triple-linking [28] in the spacetime S 4 (as the first figure in Eq. (12)). We find that
where we design the worldsheets V [26, 27] . Namely, we can view the above figure as a Hopf link of two loops spinning along the dotted path of a S 1 circle, which becomes a pair of T 2 -worldsheets µ 2 and µ 3 . Additionally the T 2 -worldsheet µ 1 (drawn in gray as a S 2 added a thin handle), together with µ 2 and µ 3 , the three worldsheets have a triple-linking topological invariance [28] .
Fourth, the four-loop braiding process, where three loops dancing in the Borromean ring trajectory while linked by a fourth loop [30] , can characterize certain 3+1D non-Abelian topological orders [25] . We find it is also the spun surgery construction of Borromean rings of three loops linked by a fourth torus in the spacetime picture, and its path integral
where the surgery contains four consecutive modular Stransformations done along the
where # stands for the connected sum.
We can glue the T 3 -boundary of 4-submanifolds (e.g.
In this work, we define their representations as [32]
while S xyz is a spun-Hopf link in S 3 × S 1 , and T xy is related to the topological spin and self-statistics of closed strings [25] .
Quantum surgery and general Verlinde formulas -Now we like to derive a powerful identity for fixed-point path integrals of topological orders. If the path integral formed by disconnected manifolds M and N , denoted as M N , we have Z(M N ) = Z(M )Z(N ). Assume that (1) we divide both M and N into two pieces such that (2) the Hilbert space on the spatial slice is 1-dimensional (namely the GSD=1)[33], then we obtain
In 2+1D, we can derive the renowned Verlinde formula [3, 12, 13] by one version of Eq. (17):
where each spacetime manifold is S 3 , with the line operator insertions such as an unlink and Hopf links. Each S 3 is cut into two D 3 pieces, so
while the boundary dashed cut is B = S 2 . The GSD for this spatial section S 2 with a pair of particle-antiparticle must be 1, so our surgery satisfies the assumptions for Eq.(17). The second line is derived from rewriting path integrals in terms of our data introduced before -the fusion rule N σ4 σ2σ3 comes from fusing σ 2 σ 3 into σ 4 which Hopf-linked with σ 1 , while Hopf links render S matrices [34] . The label 0, in Sσ   10 and hereafter, denotes a vacuum sector without operator insertions in a submanifold. In 3+1D, the particle-string braiding in terms of S 4 -spacetime path integral Eq.(10) has constraint formulas:
. (20) Here the gray areas mean S 2 -spheres. All the data are well-defined in Eqs. (7), (8), (10) . Notice that Eqs. We also derive a quantum surgery constraint formula [35] for the three-loop braiding in terms of S 4 -spacetime path integral Eq.(12) via the S xyz -surgery and its matrix representation:
here the µ 1 -worldsheet in gray represents a T 2 torus, while µ 2 -µ 3 -worldsheets and µ 4 -µ 5 -worldsheets are both a pair of two T 2 tori obtained by spinning the Hopf link. All our data are well-defined in Eqs. (9), (12), (15) 
We organize our quantum statistics data of fusion and braiding, and some explicit examples of topological orders and their topological invariances in terms of our data in the Supplemental Material.
CONCLUSION
It is known that the quantum statistics of particles in 2+1D begets anyons, beyond the familiar statistics of bosons and fermions, while Verlinde formula [12] plays a key role to dictate the consistent anyon statistics. In this work, we derive a set of quantum surgery formulas analogous to Verlinde's constraining the fusion and braiding quantum statistics of anyon excitations of particle and string in 3+1D.
A further advancement of our work, comparing to the pioneer work Ref. [3] on 2+1D Chern-Simons gauge theory, is that we apply the surgery idea to generic 2+1D and 3+1D topological orders without assuming quantum field theory (QFT) or gauge theory description. Although many lattice-regularized topological orders happen to have TQFT descriptions at low energy, we may not know which topological order derives which TQFT easily. Instead we simply use quantum amplitudes written in the bra and ket (over-)complete bases, obtained from inserting worldline/sheet operators along the cycles of non-trivial homology group generators of a spacetime submanifold, to cut and glue to the desired path integrals. Consequently our approach, without the necessity of any QFT description, can be powerful to describe more generic quantum systems. While our result is originally based on studying specific examples of TQFT in Dijkgraaf-Witten gauge theory [35, 36] , we formulate the data without using QFT. We have incorporated the necessary generic quantum statistic data and new constraints to characterize some 3+1D topological orders (including Dijkgraaf-Witten's), we will leave the issue of their sufficiency and completeness for future work. Formally, our approach can be applied to any spacetime dimensions.
It will be interesting to study the analogous Verlinde formula constraints for 2+1D boundary states, such as highly-entangled gapless modes, conformal field theories (CFT) and anomalies, for example through the bulk-boundary correspondence [3, [37] [38] [39] . The set of consistent quantum surgery formulas we derive may lead to an alternative effective way to bootstrap [40, 41] 3+1D topological states of matter and 2+1D CFT.
Note added: The formalism and some results discussed in this work have been partially reported in the first author's Ph.D. thesis [42] . Readers may refer to Ref. [42] for other discussions.
Supplemental Material
A. Summary of quantum statistics data of fusion and braiding
Quantum statistics data of fusion and braiding Data for 2+1D topological orders:
Data for 3+1D topological orders:
• Fusion data:
TABLE I. Some data for 2+1D and 3+1D topological orders encodes their quantum statistics properties, such as fusion and braiding statistics of their quasi-excitations (anyonic particles and anyonic strings). However, the data is not complete because we do not account the degrees of freedom of their boundary modes, such as the chiral central charge c− = cL − cR for 2+1D topological orders.
We organize the quantum statistics data of fusion and braiding introduced in the main text in Table I . We propose using the set of data in Table I to label topological orders. We also remark that Table I may not contain all sufficient data to characterize and classify all topological orders. What can be the missing data in Table I ? Clearly, there is the chiral central charge c − = c L − c R , the difference between the left and right central charges, missing for 2+1D topological orders. The c − is essential for describing 2+1D topological orders with 1+1D boundary gapless chiral edge modes. The gapless chiral edge modes cannot be fully gapped out by adding scattering terms between different modes, because they are protected by the net chirality. So our 2+1D data only describes 2+1D non-chiral topological orders. Similarly, our 2+1D/3+1D data may not be able to fully classify 2+1D/3+1D topological orders whose boundary modes are protected to be gapless. We may need additional data to encode boundary degrees of freedom for their boundary modes.
In some case, some of our data may overlap with the information given by other data.
For example, the 2+1D topological order data (S xy ,
already, since we know that we the former set of data may fully classify 2+1D bosonic topological orders.
Although it is possible that there are extra required data beyond what we list in Table I , we find that Table I is sufficient enough for a large class of topological orders, at least for those described by Dijkgraaf-Witten twisted gauge theory [36] and those gauge theories with finite Abelian gauge groups. In the next Appendix, we will give some explicit examples of 2+1D and 3+1D topological orders described by Dijkgraaf-Witten theory, which can be completely characterized and classified by the data given in Table I .
B. Examples of topological orders and their topological invariances in terms of our data
In Table II , we give some explicit examples of 2+1D and 3+1D topological orders from Dijkgraaf-Witten twisted gauge theory. We like to emphasize that our quantum-surgery Verlinde-like formulas apply to generic 2+1D and 3+1D topological orders beyond the gauge theory or field theory description. So our formulas apply to quantum phases of matter or theories beyond the Dijkgraaf-Witten twisted gauge theory description. We list down these examples only because these are famous examples with a more familiar gauge theory understanding. In terms of topological order language, Dijkgraaf-Witten theory describes the low energy physics of certain bosonic topological orders which can be regularized on a lattice Hamiltonian [23, 25, 44] with local bosonic degrees of freedom (without fermions).
We also clarify that what we mean by the correspondence between the items in the same row in Table II: • (i) Quantum statistic braiding data,
• (ii) Group cohomology cocycles
• (iii) Topological quantum field theory (TQFT).
What we mean is that we can distinguish the topological orders of given cocycles of (ii) with the low energy TQFT of (iii) by measuring their quantum statistic Berry phase under the prescribed braiding process in the path integral of (i). The path integral of (i) is defined through the action S of (iii) via
For example, the mutual braiding (Hopf linking) measures the S matrix distinguishing different types of The relevant field theories are also discussed in Ref. [43, [45] [46] [47] [48] , here we systematically summarize and claim the field theories in Table II third column describe the low energy TQFTs of Dijkgraaf-Witten theory.
C. Derivations of some quantum surgery formulas
In this Appendix, we derive some Verlinde-like quantum surgery formulas, which are constraints of fusion and braiding data of topological orders. We will work out the derivations of Eqs.(18),(19),(20) and then later we will derive Eq.(21) step by step. We will also derive the fusion constraint Eq. (22) If both assumptions hold, then we find a relation:
We note that in the second equality we write the identity matrix as
In the third and fourth equalities that we haveK
becauseK as a (i). Path-integral linking invariants; Quantum statistic braiding data (ii). Group-cohomology cocycles distinguished by the braiding in (i) (iii). TQFT actions S characterized
by the spacetime-braiding in (i)
TABLE II. Examples of topological orders and their topological invariances in terms of our data in the spacetime dimension d + 1D. Here some explicit examples are given as Dijkgraaf-Witten twisted gauge theory [36] with finite gauge group, such as G = ZN 1 × ZN 2 × ZN 3 × ZN 4 × . . . , although our quantum statistics data can be applied to more generic quantum systems without gauge or field theory description. The first column shows the path integral form which encodes the braiding process of particles and strings in the spacetime. In terms of spacetime picture, the path integral has nontrivial linkings of worldlines and worldsheets. The geometric Berry phases produced from this adiabatic braiding process of particles and strings yield the measurable quantum statistics data. This data also serves as topological invariances for topological orders. The second column shows the group-cohomology cocycle data ω as a certain partition-function solution of Dijkgraaf-Witten theory, where ω belongs to the group-cohomology group,
]. The third column shows the proposed continuous low-energy field theory action form for these theories and their gauge transformations. In 2+1D, A and B are 1-forms, while g and η are 0-forms. In 3+1D, B is a 2-form, A and η are 1-forms, while g is a 0-form. Here I, J, K ∈ {1, 2, 3, . . . } belongs to the gauge subgroup indices, N12...u ≡ gcd(N1, N2, . . . , Nu) is defined as the greatest common divisor (gcd) of N1, N2, . . . , Nu. Here pIJ ∈ ZN IJ , p123 ∈ ZN 123 , pIJK ∈ ZN IJK , p1234 ∈ ZN 1234 are integer coefficients. The cIJ , c123, cIJK , c1234 are quantized coefficients labeling distinct topological gauge theories, where c12 = 1 (2π)
. Be aware that we define both pIJ... MCG generator acts on the spatial manifold B directly. The evolution process from the firstK
on the right and the secondK on the left can be viewed as the adiabatic evolution of quantum states in the case of fixed-point topological orders. In the fifth equality we rewrite 
as a matrix element of K −1 , which now becomes a representation of MCG in the quasi-excitation bases of
To summarize, so far we derive,
We can also derive another formula by applying the inverse transformation,
if it satisfies KK −1 = I. Again we stress that K β,Φ is a quantum amplitude computed in the specific spacetime manifold
We now go back to derive Eqs. (18), (19) and (20). For Eq.(18), the only path integral we need to compute more explicitly is this:
where the last equality we use the canonical basis. Together with the previous data, we can easily derive Eq.(18).
Since it is convenient to express in terms of canonical bases, below for all the derivations, we will implicitly project every quantum amplitude into canonical bases when we write down its matrix element.
For Eq.(19), the only path integral we need to compute more explicitly is this:
again we use the canonical basis. Together with the previous data, we can easily derive Eq.(19). Similarly, we can derive Eq.(20) using the almost equivalent computation. Now let us derive Eq.(21). In the first path integral, we create a pair of loop µ 1 and anti-loopμ 1 excitations and then annihilate them, in terms of the spacetime picture,
based on the data defined earlier.
In the third path integral L Tri µ3,µ2,µ1 of Eq.(21), there are two descriptions to interpret it in terms of the braiding process in spacetime. Here is the first description. we create a pair of loop µ 1 and anti-loopμ 1 excitations and then there a pair of µ 2 -μ 2 and another pair of µ 3 -μ 3 are created while both pairs are thread by µ 1 . Then the µ 1 -µ 2 -µ 3 will do the three-loop braiding process, which gives the most important Berry phase or Berry matrix information into the path integral. After then the pair of µ 2 -μ 2 is annihilated and also the pair of µ 3 -μ 3 is annihilated, while all the four loops are threaded by µ 1 during the process. Finally we annihilate the pair of µ 1 andμ 1 in the end [23] . The second description is that we take a Hopf link of µ 2 -µ 3 linking spinning around the loop of µ 1 [26, 27] ] are symmetric under exchanging µ 2 ↔ µ 3 , up to an overall conjugation due to the orientation of quasi-excitations.
We can view the spacetime S 4 as a S 4 = R 4 + {∞}, the Cartesian coordinate R 4 plus a point at the infinity {∞}. Similar to the embedding of Ref. [26] , we embed the
as follows:
here x ≡ (x, y, z). We choose the T 2 -worldsheets as follows. The T 2 -worldsheet µ 1 is parametrized by some fixed u 1 and free coordinates of (z, x) while y = 0 is fixed. The T 2 -worldsheet µ 2 is parametrized by some fixed u 2 and free coordinates of (x, y) while z = 0 is fixed. The T 2 -worldsheet µ 3 is parametrized by some fixed u 3 and free coordinates of (y, z) while x = 0 is fixed. We can set the parameters u 1 > u 2 > u 3 . Meanwhile, a T 3 -surface can be defined as M 3 (u, x) ≡ (X 1 (u, x), X 2 (u, x), X 3 (u, x), X 4 (u, x)) with a fixed u and free parameters x. The
We define the enclosed 4-dimensional volume as the M 3 (u, x) × I 1 (s) where
is the 1-dimensional radius interval along r 3 , such that I 1 (s) = {s|s = [0, r 3 (u)]}, namely 0 ≤ s ≤ r 3 (u). Here we can define r 3 (0) = 0. The topology of the enclosed 4-dimensional volume of
prescribed by a fixed larger u large and free parameters x, the M 3 (u large , x) × I 1 (s) must enclose the 4-volume spanned by the past history of M 3 (u small , x) × I 1 (s), for any u large > u small . Here we set u 1 > u 2 > u 3 . And we also set r 1 (u) > r 2 (u) > r 3 (u) for any given u.
One can check that the three T 2 -worldsheet µ 1 , µ 2 and µ 3 indeed have the nontrivial triple-linking number [28] . We can design the triple-linking number to be:
Below we will frequently use the surgery trick by cutting out a tubular neighborhood D 2 × T 2 of the T 2 -worldsheet and re-gluing this
Thus, the
The surgery on the initial S 4 outcomes a new manifold,
In terms of the spacetime path integral picture, use Eqs. (25) and (26), we derive:
As usual, the repeated indices are summed over. With the trick of S xyz -transformation in mind, here is the step-bystep sequence of surgeries we perform.
Step (24), we stress that the S xyz µ 3 ,µ3 is projected to the |0 D 2 ×T 2 -states with operatorinsertions for both bra and ket states.
Here we use the surgery fact
So our S xyz µ 3 ,µ3 is defined as a quantum amplitude in S 3 × S 1 . Two T 2 -worldsheets µ 3 and µ 3 now become a pair of Hopf link resides in S 3 part of S 3 × S 1 , while share the same S 1 circle in the S 1 part of S 3 × S 1 . We can view the shared S 1 circle as the spinning circle of the spun surgery construction on the Hopf link in D 3 , the spun-topology would be D 3 × S 1 , then we glue this
as an overall new spacetime topology. Hence we also denote
Step 2: The earlier surgery now makes the inner µ 3 -worldsheet parallels to the outer µ 2 -worldsheet, since they share the same coordinates (x out , y out ) = (y in , z in ). We denote their parallel topology as µ 2 µ 3 . So we can fuse the µ 2 -worldsheet and µ 3 -worldsheet via the fusion algebra, namely Step 5: The earlier surgery now makes the inner Γ 2 -worldsheet parallels to the outer µ 1 -worldsheet, since they share the same coordinates (z out , x out ) = (x in , y in ).
We denote their parallel topology as µ 1 Γ 2 . We now fuse the µ 1 -worldsheet and Γ 2 -worldsheet via the fusion algebra, namely
. Thus Step 5 obtains Eq.(37).
Step 6: We should do the inverse transformation to get back to the S 4 manifold. Thus we cut out the tubular neighborhood D 2 × T 2 of the T 2 -worldsheet of η 2 and reglue this D 2 ×T 2 back to its complement via the modular (S xyz ) −1 -transformation. We relate the original path integral to the final one Z(
Step 6 obtains Eq. (38) .
Similarly, in the fourth path integral of Eq.(21), we derive
In the second path integral of Eq. (21) (38) , (42) and (45), and plug them into the path integral surgery relations, we derive a new quantum surgery formula (namely Eq. 
here only µ 1 , Γ 2 , Γ 4 are the fixed indices, other indices are summed over.
Lastly we provide more explicit calculations of Eq. (22), the constraint between the fusion data itself. First, we recall that 
Of course, the fusion algebra is symmetric respect to exchanging the lower indices, (F 
